We consider quantum wire arrays consisting of GaAs rods embedded in Al x Ga 1−x As and disposed in sites of a square or triangular lattice. The electronic and hole spectra around the conduction band bottom and the valence band top are examined versus geometry of the lattice formed by the rods, concentration of Al in the matrix material, and structural parameters including the filling fraction and the lattice constant. Our calculations use the envelope function and are based on the effective-mass approximation. We show that the electronic and hole spectra resulting from the periodicity of the heterostructure, depend on the factors considered and that the effect of lattice geometry varies substantially with lattice constant. For low lattice constant values the minigaps are significantly wider in the case of triangular lattice, while for high lattice constant values wider minigaps occur in the square lattice-based arrays. We analyse the consequences of our findings for the efficiency of solar cells based on quantum wire arrays.
The main objective of this study is to investigate the effect of the crystallographic structure on the electronic/hole spectrum in quantum wire arrays. In particular, we are going to determine the conditions conducive to the opening of minigaps in the conduction band and in the valence band. Besides its purely scientific aspect, our investigation is of practical importance for photovoltaic cells, the efficiency of which is determined by the electronic structure of the active material in which the photoelectric effect takes place. If the active material is a periodic semiconductor heterostructure, the efficiency of the cell will substantially depend on the width of the electronic energy minigap between the lowest miniband and the rest of the conduction band. 37 The paper is organized as follows. In Section II we present in detail the plane wave method applied to the equation for the electronic envelope function in quantum wire arrays, and discuss the approximations used. Section III discusses the results of our calculations obtained for the conduction band in a quantum wire array consisting of GaAs rods embedded in AlGaAs and forming a square or triangular lattice. The spectra of these 2D heterostructures are studied versus Al concentration in the matrix material, filling fraction and lattice constant. In Section IV we analyse the energy spectrum of the valence band in the same heterostructures. The paper is summed up in Conclusions, in which we indicate the implications of our results for the efficiency of solar cells based on quantum wire arrays.
II. PLANE WAVE METHOD IN EFFECTIVE-MASS APPROXIMATION
Let us consider a quantum wire arrays consisting of infinitely long rods of material A forming a square or triangular lattice and embedded in a matrix of material B (Fig. 1) . The rod axes are oriented along the z direction. The rods are assumed to represent potential wells for propagating electrons and holes.
Here we shall only consider arrays with rods of circular cross section. The effect of the cross-sectional geometry of the rods has already been studied in our earlier paper 37 , in which we established that the efficiency of solar energy conversion in the photoelectric effect only slightly depends on the shape of the rods and that their circular cross section is optimum in this aspect. The filling fraction f , defined as the area ratio of the rod cross section to the unit cell of the heterostructure, will be a measure of the rod size. The maximum filling fraction value corresponds to the situation in which rods touch the unit cell limits. For a square or triangular lattice of cylindrical rods with cross-section radius ρ the filling fraction can be calculated from the following respective formulae:
where a is the distance between adjacent lattice sites.
Our calculations of the electronic band structure of 2D semiconductor heterostructures will be performed in the effective-mass approximation 38, 39, 40 , which means that we shall restrict our attention to the bottom (and top) of the parabolic conduction (and parabolic valence) band in the electronic (hole) spectrum of the constituent semiconductors. Such approximations prove to be very useful in the electronic band calculations for semiconductor heterostructures with various component materials, as well as for single dots. 27, 31, 40, 41, 42 We shall assume the interactions between the single conduction band and the two valence bands are negligible; this allows independent determination of the electronic miniband structure in the conduction band (Sections II and III in the single band approximation) and the hole miniband structure in the valence band (Section IV).
Electronic states are described by the Ben-Daniel-Duke equation:
with effective mass m * (r) (isotropic in a homogeneous medium) and effective potential E C (r) determining the position of the conduction band bottom; r denote the position vector in the plane of the periodicity; Ψ e denotes the envelope wave function of conduction band electrons. The constant α = 10 −20h2 /(2m e e) ≈ 3.80998 (where m e and e denote the free electron mass and charge, respectively) allows to express the energy E in electronvolts (eV) and the coordinates x, y in angstromsÅ. The material parameters: the effective mass and the effective potential, vary in space with the periodicity of the heterostructure:
where R is a lattice vector (R = a(m x , m y ) in square and R = a(m x + m y /2, √ 3m y /2) in triangular lattice, m x and m y being integers).
The expansion of the electron envelope function in the plane-wave basis and the Fourier expansion of the material parameters can be written as:
where φ G e are Fourier coefficients of the periodic factor of the envelope function (which has the same periodicity as the quantum wire arrays) and k is a wave vector from the first Brillouin zone. Fourier coefficients of the material parameters, E G C and w G , can be found analytically from the formula:
where f (r) and F G denote, respectively, the periodic material parameter (the effective mass or the effective potential) and the corresponding Fourier coefficient for a plane wave of wave vector equal to vector G of the reciprocal lattice (G = (2π/a)(n x , n y ) for square lattice, G = (2π/a)(n x , (2n y − n x )/ √ 3) for triangular lattice, n x and n y being integers); V denotes the area of the periodic heterostructure unit cell. The explicit form of the Fourier coefficients (5) for rods of circular cross section is: The substitution of expansions (4) in the Schrödinger equation (2) leads to the following system of equations representing an eigenvalue problem, the solution of which yields Fourier coefficients of the periodic factor of the envelope function and the electron energy E:
When a finite number N of reciprocal lattice vectors is used in the Fourier series (4) also the system of equations (7) becomes finite. We have solved this system of equations by standard numerical procedures designed for solving symmetrical matrix eigenvalue problems, and tested the eigenvalues found for convergence, as necessary in procedures of this type. For all the structures considered in this study a satisfactory convergence of numerical solutions of Eq. (4) for first few bands proves to be attained with the use of 169 reciprocal lattice vectors.
III. THE EFFECT OF THE CRYSTALLOGRAPHIC STRUCTURE ON THE CONDUCTION BAND
The results presented in this Section have been obtained for rods of gallium arsenide (GaAs) embedded in a matrix of gallium arsenide doped with aluminium (Al x Ga 1−x As, where x is the concentration of Al ions). In this case the depth of the potential wells is determined by the concentration of Al in the matrix: growing matrix Al concentration will increase the effective potential in the matrix, and thus deepen the potential wells felt by conduction band electrons. We have used the following empirical formulae for a linear extrapolation of the material parameter values in GaAs and AlAs to estimate their values in the Al x Ga 1−x As matrix: E C = 0.944x and m * = 0.067 + 0.083x.
45,46
The effective-mass approximation is justified by the occurrence of a direct gap at point Γ of the atomic band structure for low concentrations of Al in both the rods and the matrix. To meet this condition of approximation applicability, the Al concentration in the matrix was only allowed to range from 0 to 0.35. Also calculated in the envelope function approximation and by the plane wave method, the electronic band structure (the conduction band) of square lattice-based heterostructures presented in [10, 44, 47] is in agreement with the results obtained in this study from Eq. (7). in the triangular and square lattice case. As expected, the minibands are seen to shift down as the filling fraction grows due to widening of the wells and to become wider because of shrinking of matrix (barrier) material 47 . The filling fraction dependence in both structures is very similar in terms of ranges of minigap occurrence as well as filling fraction values corresponding to the maximum width of the first and second gap, f ≈ 0.18 and f ≈ 0.39, respectively (see Fig. 4 ). Note, however, that in the case of rods forming a square lattice both the first minigap and the second one are wider, their respective widths being 0.17 eV and 0.1 eV, against 0.14 eV and 0.08 eV in the triangular lattice case. These small differences between electronic bands in square and triangular lattices in dependence on x and f can be explained as follows.
A major difference between a triangular lattice and a square lattice is the number of nearest neighbours; in a triangular lattice-based structure each well (rod) has 6 neighbours (at a distance a), against 4 neighbours (at a distance a) in the square lattice case. (ρ square ≈ 1.0746ρ triangular ), which implies relatively lower energies of the lowest minibands associated with electrons in wells, and consequently, increased isolation of these states, and narrower bands, also conducive to wider minigaps. However, it should be kept in mind that the spacing between rods decreases as their diameter grows, which can lead to increased overlapping of the wave functions of adjacent rods, and consequently, to wider minibands.
The impact of these two competing effects can be expected to depend on the lattice constant.
Let us compare plots depicting the band structure versus the lattice constant in the square and triangular lattice case (Fig. 5) . In this dependence the electronic band structures in the two cases considered differ the most. In the triangular lattice case the first minigap is seen to occur throughout the considered lattice constant range, i.e. from 25Å to 150Å, while in the square lattice case the gap only opens above a ≈ 45Å. For the second gap the critical lattice constant values are a = 87Å and 92Å in the triangular and square lattice case, respectively.
In 
IV. THE EFFECT OF THE CRYSTALLOGRAPHIC STRUCTURE ON THE VALENCE BAND
For calculating the valence band structure of quantum wire arrays we use the plane wave method, applied to the Schrödinger equation of the envelope function of light and heavy hole states near the top of the valence band:
where Ψ lh (r) and Ψ hh (r) are envelope functions for light and heavy holes, respectively, and operatorsP ,Q andR have the form:
Luttinger parameters γ 1 , γ 2 , γ 3 , describing the effective masses 1/(γ 1 + γ 2 ) and 1/(γ 1 −γ 2 ) of light and heavy holes, respectively, near point Γ of the atomic lattice, are, like the position of the valence band top E V , periodic in the heterostructure.
Expanded in the plane-wave basis by a procedure similar to that employed in the case of the conduction band, equation (8) can be written as a Hermitian eigenvalue problem for interacting light and heavy holes:
where A 1 , A 2 and B 1 , B 2 are expressed as follows: Comparing the hole energy structure (Fig. 8 ) with the energy structure of conduction band electrons (Fig. 7) , we notice the hole bands (for light and heavy holes) are much narrower and arranged very densely, so their role in photoelectric effect will be minor. The first three electronic bands lie in the energy range from 0.21 eV to 1.14 eV, against -1.76 eV to -1.65 eV in the case of hole bands (the negative energy values are a consequence of assuming the energy E C,A of a conduction band bottom electron as the zero energy level). The lattice type-related differences in energy structure will be better visualised in the dependence of hole minibands on the lattice constant and the filling fraction.
The lattice constant dependence of the band structure in the triangular lattice case is depicted in Fig. 9(a) . The minibands are seen to shift towards higher energies and shrink as the lattice constant increases. A similar tendency is seen in the square lattice case, in which, however, the minibands are shifted up: for a = 250Å the shift is 0.03 eV. Narrow bands are characteristic of weakly interacting states localised in potential wells, and their large number is a consequence of the low valence band maximum (E V,B = −1.78 eV) in the matrix material. The minigap width, plotted versus lattice constant in Fig. 9(b) , is seen to grow steeply at first to reach a maximum and then reduce monotonously as the lattice constant continues to increase. This behaviour is typical of all the minigaps found in both the triangular lattice-based array and the square lattice-based structure. Minor differences in minigap position and width only occur for low lattice constant values and disappear as the lattice constant grows.
Let us scrutinize the evolution of the hole minibands with filling fraction. Figure 10(a) shows the highest two hole minibands versus filling fraction in the triangular and square lattice case (lines with triangles and squares, respectively). The bands are seen to shift towards higher energies with increasing f . In the square lattice case this increase in energy is much stronger, which implies wider minigaps, as depicted in Fig. 10(b) , showing the width of the two minigaps plotted versus filling fraction. The minigaps are the widest (∆E up to 0.05 eV) for low filling fraction values, f ≈ 0.05, and their maximum width represents less than one third of that of electronic minigaps in the valence band.
Increasing frequency of holes minibands with increase of lattice constant and filling fraction is due to the same mechanism as has been already explained in Sec. III for the frequency of electron minibands decrease. This is because cylinders of GaAs forms wells for the holes in valence band, as well as for electrons in conduction band. The observed differences in both dependencies (for electrons and holes) are mainly due to the number of states localized in these wells. We can compare this numbers with the help of thick (red) lines in Figs 7 and in Fig. 8 for electrons and holes respectively. In the case of holes, the Al 0.35 Ga 0.65 As form the barier with the height -1.78 eV and the large number of hole minibands have energy inside the wells. This is responsible for similar behavior of hole minibands and minigaps in the presented in Figs 9 and 10 dependencies on lattice constant and filling fraction.
V. CONCLUSIONS
We have examined thoroughly the effect of the crystallographic structure on the electronic and hole energy bands in quantum wire arrays by comparing structures consisting of GaAs rods embedded in Al x Ga 1−x As and disposed in sites of square or triangular lattice.
We have established that both the electronic and hole minigaps tend to be wider in the square lattice-based structure in the considered ranges of parameters that include the lattice constant, the filling fraction and the potential well depth. Exceptions from this rule are heterostructures with low (less than 75Å) lattice constant values (with the first electronic minigap, between minibands 1 and 2, wider in the triangular lattice case than in the square lattice case) and heterostructures with low Al concentrations in the Al x Ga 1−x As matrix.
We have demonstrated that the conduction band bottom and the valence band top can be controlled in the range ∼ 0.3 eV and ∼ 0.2 eV, respectively, by adjusting the filling fraction, and in the range ∼ 0.14 eV and ∼ 0.1 eV, respectively, by adjusting the lattice constant.
Also the minigap width is shown to be controllable, especially the width of the gap between 
